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Transient solutions of the dynamics of film casting process
using a 2-D viscoelastic model
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Abstract

The nonlinear transient dynamics and stability of a two-dimensional (2-D) model of the isothermal film casting process have been investigated
using newly devised simulation techniques employing finite element methods (FEM), which can incorporate the viscoelastic nature of polymer
melts as well as the Newtonian features of other fluids. To effectively solve the time-dependent free surface problem of this system, the Arbitrary
Lagrangian Eulerian (ALE) algorithm together with a spine method well-suited for free surface tracking was incorporated. Adopting robust
numerical stabilization techniques for the hyperbolic system of extensional deformation processes in this study, the transient dynamic behavior of
viscoelastic fluids in the 2-D film casting process are presented for the first time in the literature. It is also demonstrated that simulation models in
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he present study can successfully describe the basic flow behavior of the system including the three instability modes therein, i.e., draw,
eck-in, and development of edge beads.
2005 Elsevier B.V. All rights reserved.
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. Introduction

The film casting process is a high-speed process for mak-
ng highly oriented film in which a molten film is extruded
hrough a slit die and rapidly stretched in the machine direc-
ion by rotation of the chill roll (Fig. 1). However, many kinds
f process disturbances inevitably affect the productivity and
niformity of the film. The defects caused by these disturbances
re typically classified into three different modes. First, draw res-
nance which is characterized by periodic oscillations of state
ariables such as film thickness, film width, and tension, arises
s the drawdown ratio is increased beyond its critical value. The
ame phenomenon also occurs in other extensional deformation
rocesses, e.g., fiber spinning and film blowing. Because of its
cademic and industrial importance as a research topic or a pro-
uctivity issue, draw resonance has attracted many researchers

o carry out important stability studies of the processes during
he past four decades[1–8]. Second, there is also the problem of
he reduction of the film width, called neck-in: the width of poly-

meric film extruded from a flat die shrinks along the mach
direction due to the strong extensional deformation effecte
the pull of the chill roll. To prevent this neck-in, it is common
keep the distance between the die and chill roll as short as
sible. Third, edge beads or ‘dog-bone’ phenomenon also
in the film casting process: thicker beads at the film edges
those at the center are formed, resulting in the unevenness
final film product.

The above three instability modes in film casting have b
studied by many researchers, most notably by Agassant
Co’ groups, using (a) 1-D models to illustrate draw reson
phenomenon with the simplifying assumption of the cons
film width [4,9];(b) other improved 1-D models that can pred
both draw resonance phenomenon and the neck-in[6,10–13],
and (c) 2-D or 3-D models which can describe the edge b
as well as the above two instabilities[5,14–16].

By adopting a membrane model, Agassant’s group prod
for the first time the transient behavior of the Newtonian c
using a tracking strategy for the deformed rectangular mes
a capturing strategy with a continuous finite element metho
film velocity and discontinuous finite element for film thickne
∗ Corresponding author. Tel.: +82 2 3290 3306; fax: +82 2 926 6102.
E-mail address: hwjung@grtrkr.korea.ac.kr (H.W. Jung).

Co’s group studied the draw resonance instability of various
viscoelastic fluids using linear stability analysis on time and
spatial variations of state variables[4,9]. However, the transient
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Nomenclature

Ar aspect ratio (L/w0)
Br bead ratio ( eedge/ecenter)
D rate of deformation tensor
De Deborah number (λv0/L)
Dr draw ratio ( vL/v0)
e film thickness
J Jacobian matrix
L distance from die exit to chill roll
n normal vector
P isotropic pressure
q state variables
R residual set of nonlinear governing equations
t elapsed time
v velocity vector with componentsvx andvy in x-

andy-directions, respectively
vm mesh velocity
w film width

Greek letter
δ step disturbance at take-up velocity initiating

dynamic response of the system
φ linear shape function
η zero shear viscosity
λ fluid relaxation time
σ total stress tensor
τ extra stress tensor
ψ bilinear shape function

Subscript
0 die exit
L chill roll position
x flow direction (machine direction)
y transverse direction
z normal direction to the film surface

solution for viscoelastic fluids in 2-D film casting has not been
reported yet.

Several noteworthy research results have been reported
recently: Smith and Stolle[15] successfully solved the non-
isothermal 2-D governing equations with the finite element
method (FEM), concluding that the neck-in phenomenon can be
suppressed by the self-weight of the film, nonisothermal condi-
tions, or nonuniform boundary conditions at the die exit. Satoh
et al.[16] also solved 2-D equations using Galerkin FEM with
streamline elements for continuity and momentum equations.
Sakaki et al.[14] first reported a 3-D model of the Newtonian
film casting. Despite significant progress made by these efforts,
there still remains the need for transient solutions of viscoelastic
film casting and the fundamental understanding of the physics
behind the instabilities.

In this study, the nonlinear dynamics and stability of the 2-
D film casting process have been scrutinized using up-to-date
numerical FEM techniques for steady and transient computa-
tions. For the transient simulations of 2-D Newtonian and vis-
coelastic film castings with free surfaces, guaranteeing the exact
portrayal of all interesting phenomena such as draw resonance,
neck-in, and edge beads, the Arbitrary Lagrangian Eulerian
(ALE) algorithm with spine method was employed[17–25].
These robust numerical schemes provide all the essential infor-
mation enabling steering the process into the stable region and
also reveal strategies to enlarge the stability window of the pro-
c
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Fig. 1. Schematic diagram f
ess.

. Mathematical modeling

For Newtonian and Upper-Convected Maxwell (UCM)
ds, the governing equations for the 2-D film casting are sh
elow based on the model by Silagy et al.[5]. Fig. 1 depicts
chematic geometry and boundaries for this system.

quation of continuity :
∂e

∂t
+ ∇ · ev = 0. (1)

quation of motion : ∇ · eσ = 0. (2)

onstitutive equations

ewtonian fluids : � = 2ηD. (3a)

or the film casting process.
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Upper-Convective Maxwell (UCM) fluids :

τ + λ

[
∂τ

∂t
+ v · ∇τ − (∇v)T · τ − τ · (∇v)

]
= 2ηD. (3b)

Boundary conditions

(i) Inlet : vx = v0, vy = 0, e = e0, w = w0, τ = τ0

on ∂Ω1 at t = 0. (4a)

vx = v0, vy = 0, e = e0, w = w0 on ∂Ω1 at t > 0.

(4b)

(ii) Outlet : vx = vL, vy = 0 on ∂Ω2 at t = 0. (4c)

vx = vL(1 + δ), vy = 0, on ∂Ω2 at t > 0. (4d)

(iii) Center :σxy = 0 on ∂Ω3 att ≥ 0. (4e)

(iv) Edge :
∂w

∂t
+ vx

∂w

∂x
= vy, σ · n = 0

on ∂Ω4 att ≥ 0. (4f)

(The detailed notations are given in the Nomenclature.)
If the curvature of film is small, state variables do not depend

on the film thickness direction, also total stress in this direction
(σ ) should be zero, meaning the isotropic pressure is equal
t the
d ting
w atin
c
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The algebraic equations of the weighted residuals for UCM flu-
ids are shown below.

Equation of continuity :〈v · ∇e+ e∇ · v;ψ〉 = 0. (6)

Equation of motion :〈eσ; ∇ψ〉 = 〈〈eσ · n;ψ〉〉 . (7)

Constitutive equation :〈
τ + λ

[
v · ∇τ − (∇v)T · τ − τ · (∇v)

] − 2ηD;ψ
〉 = 0. (8)

Kinematic equation :

〈〈
vx
∂w

∂x
− vy;φ

〉〉
= 0. (9)

Integration by parts and the divergence theorem are applied
to equations of motion;〈A;B〉 indicates

∫
eABdΩe surface inte-

gral on the element;	A;B
 denotes
∫
∂Ωe

ABd∂Ωe line inte-
gral on the boundaries of finite elements. Pressure terms were
eliminated from the governing equations by the relationship
σzz =−P + τzz = 0. The stressτ includes three extensional stress
components and one shear stress component inxy-domain. Other
stress components are assumed to be zero.

Unlike Silagy et al.[5] who considered total stress formu-
lation comprising onlyx and y, not z component, using the
membrane approximation and thus eliminated the extra stress,
τzz, the model in this study directly employed the original extra
s oted
t
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f
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zz
o the normal stress (τzz). It is noted that inlet stresses at
ie exit for the steady calculations of viscoelastic film cas
ere taken from Newtonian values under the same oper
onditions, not affecting the downstream solutions[10,16]and
ere considered as unknowns during transient simulations

. Numerical methods

Although there have been many valuable studies on th
ar and nonlinear stability analyses of the film casting sys
mploying (a) constant film width 1-D models[4,9]; (b) vary-

ng film width 1-D models[10,11,13], and (c) 2-D models[5],
here exist only a few reports on transient responses of 2-D
asting process: e.g., the results of Newtonian fluids by S
t al.[5]. In this study, we have devised new numerical sche

or the film casting of viscoelastic fluids to report steady s
olutions first, and then transient solutions.

.1. Scheme for steady-state solutions

The film casting flow is evaluated using the governing E
1)–(4) with the finite element method (FEM). The veloc
xtra stress, film thickness, and film width were approxim
sing Lagrangian basis functions as shown in Eq.(5).

=
∑
i

ψivi, τ =
∑
i

ψiτi, e =
∑
i

ψiei, w =
∑
i

φiwi,

(5)

hereψi denotes a bilinear shape function andφi is a linear
hape function. The computational domainΩ was discretize
nto quadrilateral finite elementsReso thatΩ=∪Reand∅ =∩Re.
g

-
s

tresses in its entirety without any modification. It is thus n
hat the stress formulation by Silagy et al.[5] is different from
his study because their total stress equation cannot be d
rom the constitutive equations of this study.

Since the convection terms in the continuity and kinem
quations could destabilize the overall system numeric
treamline upwinding/Petrov Galerkin (SU/PG) method[21,22]

s employed to make the weighting function skewed toward
pstream direction at each computational node.

The above set of governing equations is solved by
ewton-Raphson method as expressed below in simple v

orms.

(qs)
q = −R(qs). (10)

here R denotes the residual set of nonlinear govern
quations,q(e, v, τ, w) are state variables,J(qs) ≡ ∂R(qs)/∂q

s the Jacobian matrix, and the superscripts represents th
revious step at each iteration. The unknowns inclu

ree surface profile are iteratively updated with the r
ionship qs+1= q +
q until the convergence criterion, i.
AX((
e/emax), (
vi/vi,max), (
τij/τij,max), (
w/wmax)) <
0−4 is satisfied, where superscripts+1 denotes the updat
tep. During the iterations,
q is obtained using a direct front
olver[23] with the prescribed boundary conditions (4). In
tudy, uniformly distributed rectangular meshes were us
he initial stage and locations of inner nodes were redistrib
sing the spine method[24]. The initial distance ratio of inne
odes from the center to the free surface nodes is prescrib

ollows.

i = βiw(y, t), βi = h0i

w0
. (11)
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wherew0 represents the distance between the center and the film
edge (the free surface) andh0i the distance of inner nodes from
the center in the initial rectangular meshes.βi is kept constant
during the computations. One interesting point of this algorithm
is that unlike Silagy et al.[5], the coupled equations compris-
ing unknown state variables and the location of free surface are
simultaneously solved at each iteration step.

3.2. Scheme for transient solutions

The time-dependent terms of governing equations embed-
ded in Eqs.(1), (3b), and(4d) must be treated carefully in the
transient simulation since the computational nodes are varied
at every time step due to the temporal motion of free surfaces.
We modified the material time derivative terms in the continuity
and the constitutive equations using the ALE formulation[25],
as shown below.

D( )

Dt
= ∂( )

∂t
+ (v − vm) · ∇( ). (12)

wherevm denotes the mesh velocity which is equal tov at the free
surface. Mesh nodes at the free surface move in the Lagrangian
framework and the velocities of inner nodes are determined from
those on the free surfaces by a spine method. The transient terms
are evaluated using an unconditionally stable 2nd-order Gear
method to avoid numerical instability. The error tolerance is
p vious
s on-
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Fig. 2. Neck-in and edge bead phenomena for the viscoelastic fluid atDr = 15,
Ar = 0.6,De = 0.01.

algorithms are found to be robust and reliable, proving that the
converged transient solutions ultimately match their stationary
ones, as they should, even with the large time step size employed
(e.g.,
t = 1.0) in the stable regimes. This is in sharp contrast to
previous results reported by other researchers[5] where the two
did not match each other and small artificial thickness fluctua-
tions at the free surface were noticed. In the unstable regimes
it was found that smaller time steps than for stable regimes
were required for numerical stability. The optimal time step
size for unstable regimes, i.e., draw resonance, was found to
be
t = 0.005.

4.2. Steady state analysis: neck-in and edge beads

The neck-in and edge beads phenomena inevitably encoun-
tered in the film casting process should be strictly controlled

F
t

rescribed such that the relative error of the new and pre
teps is below 10−9 and the same criterion as in the Newt
aphson algorithm for solving steady states (10−4) is applied a
ach time step.

. Results and discussion

.1. Implementation of numerical algorithms

In the film casting system considered here, there are
ost influential processing parameters affecting the dy

cal behavior, i.e., draw ratio (Dr vL/v0), Deborah numbe
De =λv0/L), and aspect ratio (Ar L/w0) (seeFig. 1). The opti-
al mesh tessellation used here is 35× 35, guaranteeing th
cceptable accuracy for the steady and transient calcula
ig. 2depicts the final mesh structure and the steady profil

he film thickness and film width of the viscoelastic fluid w
r = 15,Ar = 0.6, andDe = 0.001, clearly showing both neck
nd edge beads.

In the viscoelastic case, the results of the film thickness
lm width profiles by this study are quite different from tho
y Silagy et al.[5], as shown inFig. 3. This is because they us
different stress formulation than ours. It is believed that

ncluding τzz term into the model as an unknown in this stu
roduces more reasonable results, as it should. It is also

n this study that viscoelasticity as measured by the Deb
umber,De, appears to suppress the neck-in of the system

In order to confirm the proposed transient numerical a
ithm and computing codes, we first obtained the new st
olution using transient computations in a stable region
ompared it with that by the steady algorithm. The nume
d

y

ig. 3. Comparison of steady profiles by Silagy et al.[5] and this study: the film
hickness at take-up for viscoelastic and Newtonian fluids (Dr = 50 andAr = 1.0).
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Fig. 4. Film width profiles by (a) 1-D model and (b) by 2-D model for viscoelas-
tic and Newtonian fluids withAr = 0.6 andDr = 20.

for process productivity and product quality. The film width
profiles by the present 2-D model are compared with those by
previous 1-D models[10,11,13]in Fig. 4. The 2-D model by
this study predicts more reasonable neck-in behavior, depend-
ing on the viscoelasticity or the Deborah number (De), than
1-D model, although both models show the similar tendency of
neck-in decreasing with the Deborah number (De).

The formation of edge beads is primarily due to the differ-
ences in stresses (or rate of deformation) between the edge a
center regimes of the film, especially for the highly viscous
materials. Dobroth and Erwin[28] suggested the approximate
relationship for the bead ratio (Br), defined as the ratio of the
film thickness at the edge and at the center of the take-up pos
tion, by assuming the planar extensional flow in the center and
the uniaxial extensional flow at the edge. This simple equation
of the square root of draw ratio overestimates the bead ratio
compared to that of this study as shown inFig. 5 because two
basic extensional flows can not be completely separated at eac
position in the film in real processes. Interestingly, it has been
also found inFig. 5 that bead ratio data of this study approach
the simple equation as the fluid viscoelasticity rises. This is

Fig. 5. Comparison of bead ratios results atAr = 0.6 by the 2-D model of this
study with the simple relationship by Dobroth and Erwin[28].

because the increasing De makes the smaller neck-in in the
film width allowing more planar extensional flow at the cen-
ter, thus the results coming closer to the Dobroth and Erwin’s
estimates.

Fig. 6shows the effects of various process conditions such as
draw ratio (Dr), aspect ratio (Ar), and Deborah number (De) on
the film thickness and film width profiles at the take-up position.
The neck-in is shown to decrease with the decreasingDr andAr,
and the increasingDe, whereas the bead ratio is reduced with the
decreasingDr andDe, and the increasingAr under the chosen
conditions.

4.3. Transient analysis: draw resonance

The nonlinear transient analysis is indispensable for analyz-
ing the physics and mechanism of flow instability such as draw
resonance, a supercritical Hopf bifurcation. Transient responses
of 1-D film casting system have been reported before[9,10,13],
but reports on 2-D transient responses have been done only for
Newtonian fluids[5] before. The present study for the first time
provides the transient response of viscoelastic fluids in 2-D film
casting system.

In Fig. 7(a), the transient response of the edge film thickness
for the viscoelastic cases at take-up is displayed for various draw
ratios. In the stable region, initially imposed disturbance decays
w an-
s ined
p at
h . Not
o bles
a tion
( film
t hat at
t

t rah
n rpart
i e-
u ber
nd

i-

,

h

ith time. If the draw ratio is beyond the critical value, the tr
ient curves gradually grow and finally evolve into self-susta
eriodic oscillations, i.e., limit cycles. These limit cycles
igher draw ratio become highly skewed or non-sinusoidal
nly film thickness at the edge but also other state varia
lso fluctuate periodically with the same period of oscilla
Fig. 7(b)). It is seen here that when the dimensionless
hickness at the center goes through the maximum value, t
he edge becomes the minimum.

For the typical process conditions (Ar = 0.6 andDr = 32),
he transient responses of UCM fluids with different Debo
umbers were portrayed along with its Newtonian counte

n Fig. 8. The periodic oscillations of film width at the tak
p decay with time and finally disappear as Deborah num
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Fig. 6. Effects of various process conditions on the steady-state film thickness
and edge beads withDr = 15, Ar = 0.6, andDe = 0.01: (a) effect of draw ratio;
(b) effect of aspect ratio; and (c) effect of Deborah number.

increases. From these results, the stabilizing effect of fluid vis-
coelasticity is apparent in film casting of extension thickening
fluids (the fluids that normally display increasing extensional
viscosity when extension rate increases with a typical exam-
ple being low-density polyethylene (LDPE), whereas extension
thinning fluids display decreasing extensional viscosity when
extension rate increases with a typical example being high-
density polyethylene (HDPE)), as already demonstrated by the
previous 1-D model[6]. This stabilizing effect can also be
explained by considering the tension acting on the film and the
tension sensitivity, as already demonstrated in other extensional

Fig. 7. Transient responses for viscoelastic fluids by the 2-D model: (a) film
thickness at the edge of take-up with draw ratio (Ar = 0.6 andDe = 0.0017) and
(b) periodic oscillations of the film thickness and the film width at take-up at
Dr = 32.

deformation processes[6,7,13]. In other words, higher tension
and thus lower tension sensitivity is bestowed upon the film by
higher viscoelasticity in the film casting of extension thicken-
ing fluids. This makes the system more stable and less sensitive
to disturbances. Not only the fluid viscoelasticity, but also the
effects of other process conditions such as aspect ratio on the

Fig. 8. Effect of fluid viscoelasticity or Deborah number on the process stability
at Ar = 0.6 andDr = 32: transient responses of film width at take-up.
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Fig. 9. Effect of aspect ratio on the process stability atDr = 32 andDe = 0.0017:
transient responses of film width at take-up.

stability of viscoelastic system can also be investigated as shown
in Fig. 9. The stable region interestingly exists within the inter-
mediate aspect ratio range of 0.63 and 1.04 under the conditions
of Fig. 9, exhibiting lower optimal aspect ratio in 2-D case than
that (i.e., 1.5) in 1-D case as shown in Lee et al.[6].

It also has been found that the same draw resonance crite-
rion based on the kinematic waves traveling from the die exit
to the take-up, developed earlier for fiber spinning process[27],
equally holds in this film casting process. Finally, it should be
noted that the proposed numerical method is not restricted t
the UCM model adopted for the simulations in this study for the
purpose of validating the numerical formulation. It should also
be applicable to other realistic constitutive equations for exten
sional deformation processes such as the Phan-Thien–Tann
model[29], whose results will be reported later[26].

5. Conclusion

The nonlinear transient dynamics and stability of two-
dimensional (2-D) isothermal film casting process, especially
focusing on the specific defects and instabilities occurring in the
process, i.e., neck-in, edge beads, and draw resonance, have be
investigated using newly devised numerical simulation tech-
niques with finite element methods (FEM), capable of handling
both Newtonian and viscoelastic fluids. To effectively solve the
t Arbi
t ine
m thod
T ave
b vis
c vior
o draw
r
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Applied Rheology Center (ARC), an official KOSEF-created
engineering research center (ERC) at Korea University, Seoul,
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