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Abstract

As part of continuing efforts to investigate nonlinear dynamics and stability of film casting process, our ear-
lier results obtained by Lee et al. (2001b) have been extended in the present study to cover the film casting
of both extension thickening and extension thinning fluids. The same instability mechanism and draw res
onance criterion previously derived have been found valid here, and a rather complex dynamic behavior o
film width in contrast to that of film thickness has also been confirmed. The effect of fluid viscoelasticity
on draw resonance, however, exhibits opposite results depending on whether the fluid is extension thick
ening or thinning, i.e., it stabilizes film casting in the former while destabilizing in the latter. The encap-
sulation extrusion method which recently has been successfully employed to stabilize industrially importan
paper coating process, has been theoretically explained in the present study as to why such stabilization
possible.

Keywords: draw resonance, encapsulation die, extension thickening, extension thinning, film casting, film
thickness, film width, viscoelasticity

1. Introduction

Polymer melts are extruded in film casting processes
through a slit die either in single or multiple layers to form
films for various end uses such as tapes and packaging films
(Agassant et al., 1991; Kanai and Campbell, 1999). The
molten film cast out of the extrusion die is stretched and
cooled in the air before reaching the chill roll on which the
film moves with a speed faster than that at the die exit,
resulting in a larger-than-unity drawdown ratio. When this
drawdown ratio is increased beyond a critical value, the film
casting process can become unstable, i.e., instability called
draw resonance occurs, in spite of constant extrusion and
take-up speeds (Luchesi et al., 1985; Anturkar and Co,
1988; Iyengar and Co, 1996; Silagy et al., 1996; Jung et
al., 1999). Since this draw resonance is an industrially
important productivity issue as well as an academically
interesting stability topic in not only in film casting but
also in other extension deformation processes like fiber
spinning and film blowing, there have been many exper-
imental and theoretical studies on this subject in last four
decades (Pearson and Matovich, 1969; Fisher and Denn,
1976; Jung and Hyun, 1999; Yoon and Park; 2000, Lee et
al., 2001a).

In the present simulation study on film casting, we have

chosen Agassant’s model (Silagy et al., 1996) which has
proven very robust in simulating the steady state and tr
sient dynamics of film casting along with a Phan-Thien-Ta
ner constitutive model known for its capability of describin
both extension-thickening and extension-thinning fluids p
traying low-density and high-density polyethylenes fr
quently found in various polymer processing operations

Just as in the previous article by Lee et al. (2001b), the
kinematic waves approach which had been developed
spinning process (Kim et al., 1996; Hyun, 1999; Jung et al.,
2000) has been adopted to analyze the draw resonanc
film casting for both extension thickening and thinning fl
ids. We also study the nonlinear dynamics of film casting
draw resonance with particular focus on the differences
the transient behavior between the film thickness and 
film width. The proper control of film width is of grea
importance industrially as that of film thickness, as e
denced in the extrusion coating of polymer films on pap
substrates. Recently, an ingenious coating method ca
encapsulation extrusion (Frey et al., 2001) demonstrates tha
film width fluctuations can be successfully stabilize
employing the new co-extrusion method. We will expla
why this is possible by theoretically deriving simulatio
results using the same film casting model of this study

2. Model formulation

As in the previous study by Lee et al. (2001b), for the
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film casting process depicted in Fig. 1, we use in the
present study an isothermal one-dimensional varying film
width model which Silagy et al. (1996) developed and suc-
cessfully used to obtain excellent results. A Phan-Thien-
Tanner constitutive equation (Phan-Thien and Tanner,
1977; Phan-Thien, 1978) is employed as a viscoelastic

fluid model in the present study. PTT model is known f
its robustness and accuracy in describing extensional de
mation processes (Khan and Larson, 1987) for both ex
sion-thickening and thinning fluids. An example of she
and extensional behavior of PTT model with different va
ues of Deborah number for both fluids are shown in Fig

Continuity equation:  (1)

where, 

Equation of motion: 
 (2)

where, , 

Constitutive equations (PTT fluids):

 (3)

 

 (4)

   

(5)
where, 

Film edge conditions: (6)

where, Ar = L/W0

Boundary conditions:
t=0: e=es, w=ws, v=vs, τ=τxx,s, σ=σxx,s, σ=σyy,s

t>0: e=e0=1, w=w0=1, v=v0=1 at x=0
    v=vL=r(1+ε*)             at x=1  (7)

where, e= dimensionless film thickness, w= dimensionless
film width, v= dimensionless film velocity, x= dimension-
less distance, L= distance between die exit and chill rol
F= tension on the film, σij= dimensionless total stress in ij
direction, τij= dimensionless stress in ij-direction, t’= time,
t= dimensionless time, λ= material relaxation time, De=
Deborah number, ε, ξ= PTT model parameters, Ar= aspect
ratio, r= drawdown ratio, ε*= a constant representing the
initial disturbances at the take-up, and subscripts 0, L
denote die exit, take-up, and steady state conditio
respectively. 
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Fig. 1.Schematic of film casting process.

Fig. 2.Response of PTT model for extension thickening
(ε=0.015, ξ=0.1) and thinning fluids (ε=0.015, ξ=0.7) for
(a) simple shear flow and (b) simple extensional flow.
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Several assumptions have been incorporated in the
model. The edge effects (i.e., edge beads) and thermal
effects are neglected because of this isothermal one-dimen-
sional model, and the secondary forces on the film such as
gravity, inertia, air drag and surface tension are also
neglected because they are usually small in film casting
process. Finally, the free surface conditions on the film
shown in Eq. (6) are the results of the assumption that nor-
mal stress vanishes on the film surfaces. Particularly on the
film edge,

 (8)

where = total stress tensor,
    n = normal vector to the film edge surface,
     α = angle between film edge free surface and

x-coordinate,
      
      

(The detailed derivation of this result can be found 
Agassant et al. (1991).)

3. Kinematic waves and draw resonance criterion

Following the same procedure as in Lee et al. (2001b),
we have obtained the dynamic pictures, as shown in Fig
of several kinematic waves such as the unity through
waves and the cross-sectional area waves traveling on
film from the die exit to the chill roll and also compute
their traveling times. Then it turns out that the same dr
resonance criterion holds in the present film casting stu
of extension thickening and thinning fluids as it did in th
previous articles of film casting (Lee et al., 2001b) and
fiber spinning (Kim et al., 1996; Hyun, 1999; Jung et al.,
2000). (We had originally derived this draw resonance c
terion based on the dynamics of fiber spinning proces

In other words, the same draw resonance equation sh
in Eq. (9) holds for the film casting of both extension thic
ening and thinning fluids.

2tL + T/2 ≥ 2θL        at r ≤ rc  (9)

where, tL= traveling time of unity throughput waves, T=
oscillation period, θL= traveling time of cross-sectional are
waves, rc= critical draw down ratio at the onset of draw re
onance.

4. Nonlinear dynamics of film thickness and film
width

It has been found that since the dynamic behavior of f
thickness is almost the same as that of film cross-sectio
area, the traveling time of the film thickness is indisti
guishable from that of the film cross-sectional area a
thus the same criterion equation like Eq. (9) can 
obtained if we use the traveling times of film thickne
waves in lieu of those of film cross-sectional area wav

However, the behavior of film width waves doesn’t fo
low the same pattern, i.e., the traveling times of film wid
don’t satisfy Eq. (9). Moreover, as shown below, the fil
width in film casting exhibits quite an interesting transie
behavior in contrast to that of film thickness, which rath
plainly behaves in a similar fashion with the fiber cros
sectional area in spinning.

Fig. 4 shows the transient behavior of film thickness 
the chill roll of extension thickening fluids having differen
values of viscoelasticity (Deborah number). (Simulatin
the conditions for low density polyethylene film extrusio
we have used ε=0.015, ξ=0.1 for our PTT model adopting
from the literature (Phan-Thien, 1978). Deborah numb
was varied between 0.005 and 0.015 and the drawdo
ratio, r, was at 30 and the aspect ratio, Ar=0.5). As both
temporal pictures and phase plane trajectories of the 
thickness clearly display, the stability of film casting pr

σ n⋅
σxx σxy σxz

σxy σyy σyz

σxz σyzσzz 
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0 
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σ
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-----– dw
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Fig. 3.Transient curves of film variables at five different posi-
tions in the casting direction for a viscoelastic PTT fluid
(ε=0.015, ξ=0.1, De=0.01) when Ar=0.2, and r=rc=23.31:
A (cross-sectional area), V (velocity), F (tension force).
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cess is enhanced by the increasing fluid viscoelasticity. 
The transient behavior of film width of the same exten-

sion thickening fluids is shown in Fig. 5. While the tran-
sient behavior of the film width is quite complex than that
of the film thickness, the stability picture is the same, i.e.,
increasing viscoelasticity stabilizes both the film thickness
and film width.

Now we turn to the case of extension thinning fluids.
Figs. 6 and 7 show the transient behavior of film thickness
and film width of extension thinning fluids having different
values of viscoelasticity, respectively. (Simulating the con-
ditions for high density polyethylene film extrusion, we
have used ε=0.015, ξ=0.7 for our PTT model adopting
from the literature (Lee  et al., 1995). Deborah number was

varied between 0.001 and 0.007 and the drawdown rati
was at 25 and the aspect ratio, Ar=0.5).

Opposite the cases of extension thickening fluids in 
above, the stability of film casting of extension thinnin
fluids worsens with increasing fluid viscoelasticty. Th
stability picture is the same in both the film thickness (F
6) and the film width (Fig. 7).

A couple of observations with regard to the dynam
behavior of the film width are apparent from the abo
Figs. 4-7. First, the film width shows a much more com
plicated behavior than film thickness (i.e., the temporal p
tures of film width showing some kinks and wiggles 
opposed to rather smooth curves of film thicknes
although the magnitude of oscillations of the film width 

Fig. 4.Transient behavior of film thickness at the take-up of extension thickening fluids (ε=0.015, ξ=0.1) having different values of Deb-
orah number when Ar=0.5 and r=30: (a) De=0.005, (b) De=0.01, and (c) De=0.015.
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smaller than that of the film thickness. Second, the non-
linear dynamic behavior of the film width is sensitive to the
viscoelasticity whereas the film thickness does not exhibit
much difference in the general pattern of dynamic behavior
against the changing viscoelasticity.

The reason why the film width exhibits such a drastically
different nonlinear dynamic behavior in draw resonance as
compared to the film thickness is due to the fact that we
have different edge conditions for the thickness and width.
In other words, for the film thickness, vanishing normal
stress gives σzz=0 on the film surface on x-y plane whereas
for the film width vanishing normal stress results in Eq. (6)
on the film edges. Because of this difference, it turns out
that the dynamics of film width depends on σyy as well as
on σxx, whereas the film thickness depends mostly on σxx. 

Finally, we proceed to the subject of the encapsulat
extrusion method (Frey et al., 2001) which recently has
been successfully employed to enhance the stability
paper coating process. As shown in Fig. 8, it has b
known that when low melt-strength materials like hig
density polyethylene are coated on the paper substr
more severe stability problem of the film width is encou
tered than in the case of high melt-strength materials 
low-density polyethylene (Hyun and Lee, 2001). In a
effort to alleviate this stability problem, more stable LDP
is coextruded at the both outer edges of the less st
HDPE in the core. Industrially, special encapsulation d
(Frey et al., 2001) have been designed and used for t
purpose.

In order to simulate this encapsulation extrusion a

Fig. 5.Transient behavior of film width at the take-up of extension thickening fluids (ε=0.015, ξ=0.1) having different values of Deb-
orah number when Ar=0.5 and r=30: (a) De=0.005, (b) De=0.01, and (c) De=0.015.
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explain why the coextrusion of LDPE at the edges helps
stabilize the film casting of HDPE in the center, we have
used the same governing equations of Eqs. (1)-(6) for both
the core and edge components. The equation of motion,
however, has to be modified to incorporate the shear effects
at the interfaces of the two components, and the defor-
mation tensor is also modified likewise to include the shear
terms. The results in Fig. 9 clearly demonstrate that the sta-
bility of the core component HDPE is enhanced by adding
more of LDPE at the both edges, i.e., increasing the value
of the parameter q. The stabilizing effect of this encap-
sulation coextrusion obviously depends on many param-
eters of the system, i.e., viscosity, elasticity of the two
fluids and their ratios between the two components. The

details of this theoretical study explaining the mechani
of the encapsulation extrusion method will be report
elsewhere (Hyun and Lee, 2001).

5. Conclusions

The film casting process has been studied using an 
thermal one-dimensional varying width model employing
Phan-Thien-Tanner constitutive equation for both extens
thickening and extension thinning fluids. The same me
anism and criterion of draw resonance have been c
firmed to hold as in previous articles of film casting an
fiber spinning (Kim et al., 1996; Hyun, 1999; Jung et al.,
2000; Lee et al., 2001b). Also the film width displays dras

Fig. 6.Transient behavior of film thickness at the take-up of extension thinning fluids (ε=0.015, ξ=0.7) having different values of Deb-
orah number when Ar=0.5 and r=25: (a) De=0.001, (b) De=0.005, and (c) De=0.007.
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tically different nonlinear dynamic behavior than the film
thickness, i.e., the dynamic behavior of film width is mo
complex and also sensitive to the changing process par
eters like fluid viscoelasiticy. The stability behavior o
extension-thickening and extension-thinning materials 
film casting is opposite to each other in that viscoelastic
enhances the stability of the former while it deteriorates 
the latter. As far as the stability goes, there is no distinct
between the behaviors of film thickness and film widt
i.e., their stability responses to fluid viscoelasticity a
qualitatively the same.

Encapsulation extrusion method (Frey et al., 2001) exhi-
biting an ingenious way of stabilizing the film width con
trol in paper extrusion coating process, exemplifies t
importance of film width control in industrially importan
processes. The simulation method of the present study

Fig. 7.Transient behavior of film width at the take-up of extension thinning fluids (ε=0.015, ξ=0.7) having different values of Deborah
number when Ar=0.5 and r=25: (a) De=0.001, (b) De=0.005, and (c) De=0.007.

Fig. 8.Schematic of an encapsulation die.
Korea-Australia Rheology Journal December 2001 Vol. 13, No. 4 185 
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Fig. 9.Effect of encapsulation on the stability when Ar=0.3 and r=30: (a) q=0.0, (b) q=0.2, and (c) q=0.3 where q is the ratio of the
widths of LDPE and HDPE components.
been used to explain why it works by including the shear
effects at the interfaces into the model. The details of this
simulation will be reported elsewhere.
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