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Abstract

The stability of low-speed spinning process exhibiting spinline flow-induced crystallization (FIC) with no
neck-like spinline deformation has been investigated using the method of linear stability analysis. Effects
of various process conditions such as fluid viscoelasticity and the spinline cooling on the spinning stability
have been found closely related to the development of the spinline crystallinity. It also has been found that
the FIC makes the system less stable or more unstable than no FIC cases when the spinline crystallinity
reaches its maximum possible value, whereas the FIC generally stabilizes the system if the crystallinity
doesn’t reach its maximum value on the spinline. It is believed that the destabilizing effect of the FIC on
low-speed spinning when the crystallinity is fully developed on the spinline is due to the reduction of the
real spinning length available for deformation on the spinline. On the other hand, the increased spinline ten-
sion caused by the FIC when the maximum crystallinity is not reached on the spinline and thus no reduction
in the spinning length occurs, makes the sensitivity of spinline variables to external disturbances smaller and
hence stabilizes the system. These linear stability results are consistent with the findings by nonlinear
transient simulation, as first reported by Lee et al. (2005b).  

Keywords : draw resonance, fiber spinning, flow-induced crystallization, linear stability analysis, crystal-
linity, stability windows

1. Introduction

The fundamental aspects of draw resonance instability
occurring in the polymer extensional deformation pro-
cesses such as fiber spinning, film casting, and tubular film
blowing have been steadily elucidated by many researchers
during the last four decades (Gelder, 1971; Fisher and
Denn, 1976; Hyun, 1978; Schultz et al., 1984; Liu and
Beris, 1988; Jung et al., 2000; Hatzikiriakos and Migler,
2005; Lee et al., 2005a) ever since it was first experi-
mentally observed and named as such in the early 1960s
(Christensen, 1962; Miller, 1963). This instability, well
known as a supercritical Hopf bifurcation, is characterized
by the sustained periodic oscillation of spinline dependent
variables like cross-sectional area and tension (Schultz et
al., 1984). The study on draw resonance is quite important
industrially as well as academically because it is closely
related to productivity, high quality control of products and
also its theoretical analysis involves the fundamental
understanding of the nonlinear dynamics of the processes. 

Despite great scientific progress in the stability and sen-

sitivity problems of spinning processes, especially in draw
resonance instability, there are some unsettled issues as
expounded by Petrie (1988). One salient example is the
nonlinear dynamics and stability of the low or high-speed
spinning when the flow-induced crystallization (FIC)
occurs on the spinline. Recently, Lee et al. (2005b) for the
first time solved the transient responses of low-speed spin-
ning accompanied by this FIC by developing a robust
numerical algorithm able to handle high stress level at the
spinneret. They reported that the FIC destabilizes the spin-
ning system as compared to the case with no crystallization
when the spinline crystallinity reaches its maximum pos-
sible value on the spinline. 

In this sequel to Lee et al. (2005b) the study of the sta-
bility of low-speed spinning with the flow-induced crys-
tallization has been extended using a typical stability tool,
i.e., linear stability analysis, to examine the effect of var-
ious process conditions on the process stability. 

2. Governing equations for spinning flows

The same non-dimensionalized governing equations for
viscoelastic spinning system with flow-induced crystalli-
zation kinetics as developed by Lee et al. (2005b), where

*Corresponding author: hwjung@grtrkr.korea.ac.kr
© 2005 by The Korean Society of Rheology



Dong Myeong Shin, Joo Sung Lee, Hyun Wook Jung and Jae Chun Hyun

64 Korea-Australia Rheology Journal

no neck-like deformation occurs on the spinline, have been
used in this study (Fig. 1 shows the schematic of this spin-
ning process.). Phan-Thien and Tanner (PTT) equation as a
viscoelastic constitutive model, well known for its robust-
ness and accuracy in describing extensional deformation
processes, was employed (Phan-Thien, 1978). To simulate
the spinning process with crystallization a one-phase crys-
tallization model was adopted in the governing equations,
as similarly employed by Joo et al. (2002) and Patel et al.
(1991). (Although the two-phase model developed by Dou-
fas et al. (2000a; 2000b) treating the crystalline and amor-
phous phases within the spinline separately possesses more
flexibilities for portraying the morphological characteris-
tics of the spinline, the one-phase model has been lately
found equally capable in portraying the same spinline char-
acteristic, e.g., neck-like deformation in high-speed spin-
ning, with a much smaller number of parameters required
for the model (Shin et al., 2005).)

Also it has already been confirmed (Lee et al., 2005b)
that this model well predicts quantitatively the experimen-
tal steady profiles by Kolb et al. (2000).

Equation of continuity:

      (1)

where, 

Equation of motion:

(2)

where,  

     

Constitutive equation (PTT fluids):

(3)

where, 
    

     

     

Equation of energy:

(4)

where, 

     

Crystallinity equation:

             (5)

where, 

Boundary conditions:

a0 = 1, v0 = 1, θ0 = 1, x0 = 0 at z = 0 for all t (6a)

vL = r                       at z = 1 for all t (6b)

where a, v, t, z, and Ω denote the dimensionless spinline
cross-sectional area, spinline velocity, time, distance in the
flow direction, and fluid axial extra stress, respectively, Cin

the inertia coefficient, Cgr the gravity coefficient, Cad the
air-drag coefficient, ρ the fluid density, L the spinning dis-
tance, g the gravity acceleration constant, De the Deborah
number, λ the fluid relaxation time, ε and ξ the PTT model
parameters, η the fluid shear viscosity, α* the model param-
eter representing the crystallinity dependency of the vis-
cosity, St the Stanton number, Cp the fluid heat capacity, n
the Avrami index (unity value in this study), κ the flow-
induced crystallization (FIC) enhancement factor repre-
senting the stress dependency of the crystallization rate fol-
lowing the similar models in the literature (Doufas et al.,
2000a; Doufas et al., 2000b), r the draw ratio, and θ, θa,
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Fig. 1. Schematic diagram of fiber spinning process.
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∆Hf , vy, x, km, θmax, and d the dimensionless spinline tem-
perature, cooling air temperature, crystallization heat, cooling
air velocity, spinline crystallinity, maximum crystallization
rate, temperature at maximum crystallization rate, and
crystallization half width temperature range, respectively.
Subscripts 0 and L mean die exit and take-up conditions,
respectively. 

The fluid viscosity and the relaxation time are the func-
tions of both temperature and crystallinity preventing an
abnormal increase in the spinline stress, whereas the fluid
modulus is mainly dependent on the crystallinity (Muslet
and Kamal, 2004). It is noted that the trace of extra stress
tensor in the flow-induced term in the crystallinity equation
is simply reduced to the single axial extra stress, τ, in our
1-D model. 

3. Linear stability analysis

The first step for the linear stability analysis is to lin-
earize the above governing equations, Eqs. (1)-(5), by
introducing the infinitesimal perturbations to state vari-
ables around their steady states as follows.  

a(t, z) = as(z) + a(z)exp(Ωt), v(t, z) = vs(z) + β(z)exp(Ωt),
τ(t, z) = τs(z) + γ (z)exp(Ωt), θ(t, z) = θs(z) + δ(z)exp(Ωt),
x(t, z) = xs(z) + φ(z)exp(Ωt) (7)

where subscript s indicates the steady state, Ω is a complex
eigenvalue that accounts for the growth rate of the pertur-
bation and α, β, γ, δ, and φ the perturbed quantities of state
variables. Substitution of Eq. (7) into the governing equations
leads to the following linearized governing equations. 

Linearized equation of continuity:

(8)

Linearized equation of motion:

      (9)

Linearized constitutive equation (PTT fluids):

    

  

  
(10)

where 

    

Linearized equation of energy:

 

 (11)

where 

Linearized crystallinity equation:

  (12)

where 

Boundary conditions: 

α(0) = β(0) = β(1) = δ(0) = φ(0) = 0 (13)

In the above equations, superscript ' denotes derivative
of state variables with respect to spinline distance, z.
There are a couple of methods to evaluate eigenmodes
using the above linearized equations. The first is to con-
struct eigenmatrix system by discretizing the above lin-
earized equations, Eqs. (8)-(13), using a proper finite
difference scheme and rearranging them as follows
(Gelder, 1971).  

 
(14)

where  and  is matrix whose compo-
nents are obtained from the algebraic manipulations of
Eqs. (8)-(13). The stability of the system is then deter-
mined by eigenvalues, Ω. If the real part of the leading
eigenmode of Ω for a given condition is found positive,
then the system is unstable indicating the unbounded
growth of state variables with time. 

The second involves an assumed scalar value for Ω
and the 4th-order Runge-Kutta method with a shooting
scheme, only focusing on the leading eigenvalue instead
of its entire eigen-spectrum, resulting in the same sta-
bility data (Fisher and Denn, 1976). In this study, the lat-
ter has been adopted, giving the fast computation to
obtain the leading eigenmode, compared to the former
case. 
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4. Results and discussion

As an example fluid for analyzing the low-speed spin-
ning stability with the FIC, isotactic polypropylene (iPP),
known as a well-crystallizable polymer in the literature

(Kolb et al., 2000) has been chosen. Some of the rheo-
logical properties and model parameters characterizing iPP
including its extension thinning behavior, are summarized
in Table 1 (Ziabicki, 1976; Minoshima et al., 1980; Kolb
et al., 2000; Muslet and Kamal, 2004; Zheng and Kennedy,
2004). 

As mentioned in Introduction, Lee et al. (2005b) first
investigated the nonlinear dynamics and stability of this
iPP spinning solving the same 1-D governing equations as
in here to obtain the transient responses of the system for
the first time. It was concluded there that the flow-induced
crystallization makes the system less stable or more unsta-
ble than the case without crystallization, when the spinline
crystallinity is fully developed to its maximum value. It is
believed that the reason for the destabilizing effect of the
FIC in the case with fully developed crystallinity is that
maximum crystallinity shortens the real spinning length
available for deformation on the spinline, and this short-
ened spinning length then destabilizes the spinning because
increasing spinning length with other things kept constant
is known to stabilize the system (Matsumoto and Bogue,
1978). In this paper, using the convenient linear stability
method the effect of flow-induced crystallization kinetics
on the process stability under various process conditions
has been extensively analyzed. 

Utilizing this stability method, it is possible to system-
atically construct the various stability windows for iPP

Table 1. Model parameters for iPP.

Parameters Values

Density, ρ (kg/m3) 970

Heat capacity, Cp (cal/goC) 0.46

Zero-shear viscosity, η0 (Poise) 34200

Relaxation time, λ0 (s) 0.04

PTT model parameters, ε & ξ 0.015, 0.6

Dimensionless activation energy, E/R (K) 5.602 × 103

Heat of crystallization, ∆Hf (J/g) 148.453

Maximum crystallization rate, Kmax (s-1) 0.55

Temperature at max. crystallization rate, Tmax (K) 338

Crystallization half width temperature range, D (K) 333

Maximum crystallinity, X
∞

 (%) 55

Crystallinity dependency parameter of viscosity, α 5.1

Flow-induced crystallization enhancement factor, κ 8.2

Fig. 2. Stability windows of iPP spinning depending on the Deborah number at St = 0.15 (a) with and (b) without crystallization. Real
part of leading eigenmode of the spinning process with respect to draw ratio for (c) crystallization and (d) fluid viscoelasticity,
and (e) crystallization profiles pointed out on Fig. 2(c).
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spinning model. Figs. 2a and 2b show the stability dia-
grams of the systems with and without crystallization,
respectively, with the varying fluid viscoelasticity or Deb-
orah number. The lower draw ratio bounds for the given
Deborah numbers are almost the same in both cases,
because the effect of FIC on the spinline is insignificant
under these conditions. Interestingly, the spinning process
with crystallization involves the second stable region with
high draw ratio values shown in Fig. 2a, not found in the
case with no crystallization in Fig. 2b, as will be explained
below. 

These neutral stability curves have been obtained looking
at the real part of the leading eigenvalue as shown in Fig.
2c where the real parts of the leading eigenvalues are plot-
ted against the draw ratio under the given process con-
ditions. For example, three onset points, A, B, and C at the
fixed Deborah number (De = 2.0 × 10−4) in Fig. 2a are
found from Fig. 2c when the real part of the eignevalues
becomes zero, i.e., meaning the onset points of the stability.
There is only one crossing point in Fig. 2c for the no-crys-
tallization case, A’, and thus there is only one curve in Fig.
2b. (The points of A and A’ are very close to each other
because the crystallization effect at smaller draw ratios is
minimal).

Fig. 2d shows different Deborah number cases revealing
the destabilizing effect of the increasing Deborah number
at upper draw ratio bound, i.e., iPP-like materials with
ξ = 0.6 in the model. Fig. 2e shows different spinline crys-
tallinity profiles at various onset points with different draw
ratios, clearly showing whether the maximum crystallinity
value is reached on the spinline at each case.

Figs. 3a and 3b display the stability windows of both
cases with and without crystallization under a higher cool-
ing condition, respectively, than that of Fig. 2. The sta-
bilizing effect of the spinline cooling (Jung et al., 1999) in
both cases is clearly seen comparing Figs. 2a and 3a, and
Figs. 2b and 3b, respectively. It is interesting to notice that
in the crystallization case of Figs. 3a and 3c, high cooling
condition makes the middle unstable region shown in Fig.
2a disappear, and also this prompts the fully developed
crystallinity on the spinline, which has the destabilizing
effect, leading to lower draw ratio onsets than the corre-
sponding curve in Fig. 2a. 

The effect of spinline cooling (Stanton number in this
study) on the process stability with and without crystal-
lization is further displayed in Fig. 4a and 4b, respectively.
The upper unstable region in the crystallization case in Fig.
4a caused by the maximum crystallinity reached on the
spinline does not exist in Fig. 4b when there is no crys-
tallization and cooling is large, i.e., a large St number. 

The above linear stability analysis for the effect of flow-
induced crystallization on spinning stability can make pos-
sible further stabilization and optimization strategies to
enhance the productivity/profitability of the spinning pro-

cess. The same approach should also be equally applicable
to more complex spinning system, i.e., high-speed spinning
with necking phenomena (Takaraka et al., 2004; Shin et
al., 2005), and other extension deformation processes like

Fig. 3. Stability windows of iPP spinning depending on the Deb-
orah number at St = 0.2 (a) with and (b) without crys-
tallization, and (c) real part eigenvalue profiles with and
without crystallization. 
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film casting and film blowing processes.

5. Conclusions 

As a sequel to the paper by Lee et al. (2005b) which first
reported the transient solutions of low-speed spinning with
flow-induced crystallization, this study has further inves-
tigated the relationship between the crystallization kinetics
and the various stability conditions of the iPP spinning
using the linear stability method. It has been found that the
flow-induced crystallization can give the stabilizing or
destabilizing effect, depending on the extent of the spinline
crystallinity. The crystallization generally stabilizes the
spinning system when the crystallinity is not fully devel-
oped on the spinline, whereas it makes the system more
unstable or less stable when it is fully developed to its
maximum value. It is believed that the destabilizing effect
of the FIC in low-speed spinning with maximum crys-
tallinity on the spinline is due to the reduction of the real
spinning distance available for deformation on the spinline.

These linear stability results agree with those by nonlinear
transient simulation, as first conducted by Lee et al. (2005b).  
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